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INTRODUCTION

Understanding  how  to
find  the  range  of  a
function  algebraically
is  a  fundamental  skill
i n  a l g e b r a  a n d
calculus.  The  range
represents all  possible
output  va lues  (y -
values) that a function
can produce when you
input every value from
i ts  domain .  Whi le
graphing can give you
a  visual  estimate,  an
algebraic  approach
ensures  precision  and
d e v e l o p s  d e e p e r

r e a s o n i n g  a b o u t
function  behavior.
W h e t h e r  y o u ' r e
studying for  an exam,
preparing for advanced
mathematics, or simply
seeking  to  strengthen
your  analytical  toolkit,
mastering  algebraic
t e c h n i q u e s  f o r
determining the range
opens doors to solving
m o r e  c o m p l e x
problems  in  science,
engineering,  and  data
analysis.
In  this  comprehensive
guide, we will walk you
through  the  most
effective  algebraic
methods  to  find  the
range of various types
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of  functions.  You  will
learn  step-by-step
procedures,  common
pitfalls  to  avoid,  and
practical examples that
illustrate each concept.
By  the  end  o f  th i s
article, you will be able
to determine the range
of  linear,  quadratic,
rational,  radical,  and
a b s o l u t e  v a l u e
funct ions  wi thout
relying  on  graphing
tools.

WHAT IS THE
RANGE OF A
FUNCTION?

Before  diving  into  the
algebraic methods, it's
essential to clarify the
definition.  The  range
of a function is the set
of all real numbers that
t h e  f u n c t i o n  c a n
output.  More  formally,
if we have a function f
defined  from  a  set  A
(the domain) to a set B
(the  codomain),  then
the range is the subset

of  B  consisting  of  all
values f(x)  for  x in A.
Fo r  examp le ,  t he
function f(x) = x² maps
every real number to a
non-negat ive  real
number, so its range is
[0,  ∞).  The  range  is
sometimes  called  the
image of the function.
Unlike  the  domain,
which  often  requires
identifying  restrictions
(like  avoiding  division
by zero or ensuring the
argument  of  a  square
root  is  non-negative),
finding  the  range
algebraically  usually
involves solving for x in
t e r m s  o f  y .  T h i s
approach is called the
"inverse  method"  or
"switching  variables"
approach.

THE CORE
ALGEBRAIC
STRATEGY:
SOLVING FOR X IN
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TERMS OF Y

The  most  powerful
method  to  find  the
range  algebraically  is
to treat the function as
an  equation  y  =  f(x).
T h e n ,  s o l v e  t h a t
equation  for  x  as  a
funct ion  o f  y .  The
values  of  y  for  which
the equation yields  at
least one valid x in the
domain of the original
function  will  form  the
range. In other words,
you  are  finding  all
possible  y-values  that
allow a real solution for
x  given  the  original
restrictions.

Step-by-
Step
Procedur

e
Set y = f(x).1.
Write the
function as an
equation.
Solve for x in2.
terms of y. This
may involve
algebraic
manipulations
such as
factoring,
rationalizing, or
applying inverse
operations.
Identify3.
restrictions on
y that come from
the algebraic
expression for x.
For example, if
you end up with
a square root of
some expression
containing y,
then that
expression must
be non-negative.
If you have a
denominator
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containing y,
then that
denominator
cannot be zero.
Also consider4.
the original
domain of the
function. The
original domain
imposes
conditions on x;
when you solve
for x, these
conditions
become
conditions on y.
Combine all5.
conditions to
express the
range in interval
or set notation.

This method works for
many  functions,  but
s o m e  r e q u i r e
additional  reasoning,
such as  analyzing  the
vertex of a parabola or
identifying  horizontal
asymptotes of  rational
functions.

FINDING THE
RANGE OF LINEAR
FUNCTIONS

A linear  function is  of
the form f(x) = mx + b,
where  m  is  non-zero.
Intuitively,  as  x  takes
all  real  numbers,  y  =
mx + b also takes all
r e a l  n u m b e r s .
Algebraically,  set  y  =
mx + b, then solve for
x:  x  = (y  -  b)/m.  For
a n y  r e a l  y ,  m  ≠  0
e n s u r e s  t h a t  x  i s
defined.  Hence,  the
r a n g e  i s  a l l  r e a l
numbers, expressed as
(-∞, ∞). If the function
is  constant  (m  =  0),
then the range is  just
that single value, {b}.

FINDING THE
RANGE OF
QUADRATIC
FUNCTIONS

Quadratic functions are
of the form f(x) = ax² +
bx  +  c ,  wi th  a  ≠  0.
T h e i r  g r a p h s  a r e
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parabolas.  The  range
depends  on  whether
the  parabola  opens
upward  (a  >  0 )  o r
downward (a < 0). The
v e r t e x  g i v e s  t h e
minimum or maximum
value.
Algebraic  method:  Set
y  =  a x ²  +  b x  +  c .
Rearranging  gives  ax²
+ bx + (c - y) = 0. This
is a quadratic equation
in x. For x to be real,
the  discriminant  must
be non-negative:

Δ = b² -
4a(c - y) ≥
0

Solving  this  inequality
f o r  y  g i v e s  t h e
c o n d i t i o n s .  F o r
example, take f(x) = x²
- 4x + 5. Then y = x² -
4 x  +  5 .  T r e a t  a s
quadratic: x² - 4x + (5 -
y)  =  0.  Discriminant:
(-4)² - 4*1*(5 - y) = 16 -
20 + 4y = 4y - 4. Set ≥
0: 4y - 4 ≥ 0 → y ≥ 1.

So range is [1, ∞). This
matches  the  vertex
form:  (x-2)²  +  1.
For a parabola opening
d o w n w a r d ,  t h e
discriminant  inequality
yields y ≤ y_max. For
example,  f(x)  = -x²  +
4x - 1: rewrite as -x² +
4 x  -  1  -  y  =  0  →
multiply by -1: x² - 4x
+  ( 1  +  y )  =  0 .
Discriminant:  16 -  4(1
+ y) = 16 - 4 - 4y = 12
-  4 y  ≥  0  →  y  ≤  3 .
Range: (-∞, 3].

Shortcut
Using the
Vertex
While the discriminant
m e t h o d  i s  f u l l y
algebraic, you can also
find  the  vertex
coordinate:  x_v  =  -
b/(2a).  Then  y_v  =
f(x_v). If a > 0, range is
[y_v, ∞); if a < 0, range
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is (-∞, y_v].

FINDING THE
RANGE OF
RATIONAL
FUNCTIONS

Rational  functions  are
ratios  of  polynomials,
e.g., f(x) = (x+1)/(x-2).
To  find  the  range
algebraically,  set  y  =
f(x) and solve for x. Be
mindful of the domain
(denominator ≠ 0) and
any asymptotes.
E x a m p l e :  f ( x )  =
(x+1)/(x-2). Step 1: y =
(x+1)/(x-2).  Multiply
both  sides:  y(x-2)  =
x+1 → yx - 2y = x + 1
→ yx - x = 2y + 1 → x(y
- 1) = 2y + 1 → x = (2y
+ 1)/(y - 1). Now, for x
to be defined, we need
y -  1 ≠ 0 ,  so y ≠ 1 .
A lso ,  the  or ig ina l
domain is x ≠ 2; does
t h a t  i m p o s e  a
restriction on y? Plug x
=  2  into  the  original
e q u a t i o n :  y  =

(2+1)/(2-2)  =  3/0,
undefined.  So  x=2
does  not  produce  a
finite  y.  So  no  extra
restriction.  Thus  the
r a n g e  i s  a l l  r e a l
numbers except y = 1.
Interval:  (-∞,  1)  ∪  (1,
∞).
But  caution:  Some
rational functions have
horizontal  asymptotes
that  are  not  attained,
yet the range may still
include  that  value  if
the function crosses it.
Always  check  if  the
excluded y  is  actually
achieved by some x. In
the above example, as
x → ±∞, y → 1, but y
n e v e r  e q u a l s  1
b e c a u s e  s o l v i n g
(x+1)/(x-2)  =  1  gives
x+1 = x-2 → 1 = -2,
impossible. So y=1 is a
horizontal  asymptote
not  in  the  range.
For  more  complex
rationals,  you  might
e n d  u p  w i t h  a
quadratic  in  x  after
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cross-multiplying,  and
then  the  discriminant
condition will  give the
range of y.
E x a m p l e :  f ( x )  =
1 / (x ²+1) .  Se t  y  =
1/(x²+1). Then x² = 1/y
- 1. For x real, 1/y - 1 ≥
0 and y ≠ 0. Also, x² ≥
0 implies 1/y - 1 ≥ 0 →
(1  -  y)/y  ≥  0.  Solve
inequality: cases y > 0
and 1 - y ≥ 0 → y ≤ 1,
so 0 < y ≤ 1. If y < 0,
then 1/y - 1 < 0, which
gives  no  real  x.  So
range  is  (0,  1].  Note
that y can be 1 at x =
0, and y approaches 0
as x → ±∞ but never
zero. So range is (0, 1].

FINDING THE
RANGE OF
RADICAL
FUNCTIONS
(SQUARE ROOTS)

For functions involving
square  roots ,  the
domain  is  restricted,
and the range is often

n o n - n e g a t i v e  o r
shifted.  The  standard
algebraic  method  still
works.
Example:  f(x)  =  √(x  -
3). Domain: x ≥ 3. Set
y = √(x - 3). For real y,
we require y ≥ 0 (since
principal square root is
non-negative).  Solve
for  x :  square  both
sides: x - 3 = y² → x =
y² + 3. Now, for x to be
in the domain (x ≥ 3),
we need y² + 3 ≥ 3 →
y² ≥ 0, which is always
t r u e .  H o w e v e r ,
r e m e m b e r  t h a t
squaring can introduce
extraneous  solutions;
but  here  it's  fine
because  we  started
with  y  =  √(...).  The
condition y ≥ 0 comes
from  the  definition  of
the function. So range
is [0, ∞).
Another  example:  f(x)
=  5  -  2 √ ( x  +  1 ) .
Domain: x ≥ -1. Set y
=  5  -  2√(x+1).  Solve
for √(x+1) = (5 - y)/2.
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Since √(x+1) ≥ 0,  we
require (5 - y)/2 ≥ 0 →
y ≤ 5.  Also,  the right
s ide  must  be  non-
negative.  No  other
restrictions.  Also  note
that  as  x  increases,
√(x+1) increases, so y
d e c r e a s e s .  T h e
minimum  y  occurs
when  √(x+1)  is  as
la rge  as  poss ib le
(unbounded) → y → -∞.
So range is (-∞, 5].

FINDING THE
RANGE OF
ABSOLUTE VALUE
FUNCTIONS

A b s o l u t e  v a l u e
functions like f(x) = |x|
or  f(x)  = |x  -  2|  + 3
h a v e  a  V - s h a p e d
graph.  Their  range  is
typically  either  [c,  ∞)
w h e r e  c  i s  t h e
minimum value, or (-∞,
c] if the absolute value
i s  n e g a t i v e .
Algebraically,  break
into  cases.

For f(x) = |x - 2| + 3:
There  is  no  algebraic
method  that  gives  a
simple inequality for x,
but  you  can  reason
that |x-2| ≥ 0, so f(x) ≥
3.  The  minimum  is
attained  at  x=2.  So
range is [3, ∞).
For  f (x)  =  - |x|  +  5:
Since -|x| ≤ 0, f(x) ≤ 5.
So range is (-∞, 5].
I n  g e n e r a l ,  f o r
functions  of  the  form
f(x) = a|x - h| + k, the
range is [k, ∞) if a > 0,
and (-∞, k] if a < 0.

FINDING THE
RANGE OF
EXPONENTIAL AND
LOGARITHMIC
FUNCTIONS

Exponential  functions
like f(x) = a^x (a > 0,
a ≠ 1) have a range of
(0, ∞) because a^x is
always positive. To see
algebraically,  set  y  =
a^x. Solve for  x:  x =
log_a(y). The logarithm



How To Find Range Of A Function
Algebraically 9

9

is  defined  only  for  y  >
0 (and y ≠ 0). So range
is (0, ∞).
Logarithmic  functions
like f(x) = log_b(x) (b >
0 ,  b  ≠  1 )  h a v e  a
domain of (0, ∞) and a
r a n g e  o f  a l l  r e a l
numbers .  Se t  y  =
log_b(x).  Then  x  =
b^y. Since b^y > 0 for
all  real  y,  x is  always
positive. No restriction
on y. So range is (-∞,

∞).
F o r  t r a n s f o r m e d
functions,  similar  logic
a p p l i e s ,  b u t  p a y
attention  to  horizontal
shifts and reflections.

SPECIAL CASES:
PIECEWISE
FUNCTIONS

Piecewise  functions
require  finding  the
range  of  each  piece


