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INTRODUCTION: THE POWER OF
PROBABILITY IN EXISTENCE
PROOFS

Imagine you are trying to prove that a
certain mathematical structure exists.
Perhaps you need a graph with no small
cycles but a high chromatic number, or a
set of integers free of three-term
arithmetic progressions. A direct
construction might be fiendishly difficult.
Now imagine an alternative: instead of
building the object by hand, you
consider a random object drawn from a
carefully chosen probability distribution.
You then show that the probability that
the random object satisfies your desired
properties is strictly positive. This simple
yet profound shift in perspective is the
essence of The Probabilistic Method.

Pioneered by the legendary
mathematician Paul Erdés in the 1940s,
the probabilistic method has grown into
a cornerstone of combinatorics, number
theory, theoretical computer science,
and even statistical physics. Its beauty
lies in its non-constructive nature: we
often prove existence without ever
providing an explicit example. This
approach has revolutionized how
mathematicians tackle problems of
existence and extremal bounds, turning
probability theory from a tool for
analyzing uncertainty into a powerful
weapon for establishing certainty.

In this article, we will explore the inner
workings of the probabilistic method, its

historical development, key techniques,
wide-ranging applications, and the
reasons it remains one of the most
versatile tools in modern mathematics.
Whether you are a student of
combinatorics, a computer scientist
interested in randomized algorithms, or
simply a curious reader, this journey into
the world of probabilistic existence
proofs will reveal how randomness can
create order.

WHAT EXACTLY IS THE
PROBABILISTIC METHOD?

The probabilistic method is a non-
constructive technique used to prove
that a certain mathematical object
exists. The core idea is disarmingly
simple:

1. Define a probability space over a
set of candidate objects.

2. Show that the probability that a
random object from that space
fails to satisfy the desired property
is strictly less than 1 (or
equivalently, that the probability
of success is positive).

3. Conclude that there must be at
least one object that does satisfy
the property.

It is crucial to understand that the
method does not require the probability
to be high; any positive probability, no
matter how small, is sufficient for an
existence proof. This makes it
remarkably powerful, especially when
dealing with large or complex structures
where explicit construction seems
hopeless.
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The method can be seen as a practical
application of the pigeonhole principle
on steroids: if the total probability mass
is 1, and the probability of failure is less
than 1, then the complement - the set of
good objects - cannot be empty. This
simple logical observation is the engine
behind thousands of deep results.

HISTORICAL ROOTS: PAUL ERDOS
AND THE BIRTH OF A
REVOLUTION

The probabilistic method was first
explicitly used by Paul Erdds in 1947 to
obtain a lower bound for the classical
Ramsey number R(k, k). The Ramsey
number R(k, k) is the smallest number n
such that any graph on n vertices must
contain either a complete subgraph of
size k or an independent set of size k.
Erdés proved that if n is sufficiently
small, then there exists a graph on n
vertices with neither a k-clique nor a k-
independent set. His proof was
probabilistic: he considered a random
graph on n vertices where each edge is
present with probability 1/2, and
calculated the expected number of
cliqgues and independent sets. By
showing that the expected number is
less than 1, he concluded that some
random graph must contain none, thus
giving a lower bound on R(k, k).

This was a watershed moment.
Previously, mathematicians had relied
almost exclusively on deterministic
constructive methods. Erdds's bold use
of randomness opened a floodgate. Over
the following decades, he and many
others refined and extended the
technique, creating tools such as the
Lovasz Local Lemma, the alteration
method, and martingale
concentration inequalities. Today,
the probabilistic method is taught in

graduate courses and is an
indispensable part of any
combinatorialist's toolkit.

KEY TECHNIQUES IN THE
PROBABILISTIC METHOD

The Expectation
Argument

The simplest and most common
technique is the expectation argument.
Consider a random variable X that
counts the number of “bad” events. If we
can show that the expected value E[X] is
less than a certain threshold, then there
must exist an outcome where X is below
that threshold. In particular, if E[X] < 1,
then some outcome has X = 0 - that is,
no bad events occur. Erdds's Ramsey
number bound is a classic example: he
let X be the number of k-cliques and k-
independent sets in a random graph,
computed its expectation, and set n so
that E[X] < 1.

The Lovasz Local
Lemma (LLL)

In many problems, the “bad” events are
not independent but are only weakly
dependent. The Lovasz Local Lemma,
developed by Erddés and Lovasz in 1975,
provides a powerful way to show that all
bad events can be avoided
simultaneously, provided each event
depends on only a few others and each
event individually has small probability.
The symmetric version states: if each
event has probability at most p and each
event depends on at most d other
events, and if e p (d+1) = 1 (where e is
Euler's number), then there is a positive
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probability that none of the events
occur. This lemma has been
instrumental in hypergraph coloring,
satisfiability problems, and combinatorial
designs.

The Alteration
Method

Sometimes a purely random construction
yields an object that is “almost” good
but has a few flaws. The alteration
method handles this by first constructing
a random object and then removing or
modifying a small part to eliminate the
flaws. For example, to find a large
induced subgraph with certain
properties, one may take a random
sample and then delete a few vertices to
fix defect edges. This technique often
yields tight bounds.

Concentration
Inequalities

When working with random variables
that are sums of many small
independent contributions,
concentration inequalities such as
Chernoff bounds, Azuma's inequality, or
the McDiarmid inequality allow us to
prove that the random variable is close
to its mean with high probability. These
tools are crucial for problems involving
large deviations, such as finding the size
of the largest independent set in a
random graph.

APPLICATIONS ACROSS
MATHEMATICS AND COMPUTER
SCIENCE

Graph Theory
and
Combinatorics

The probabilistic method has its deepest
roots in graph theory. Beyond Ramsey
numbers, it has been used to solve
problems about the existence of graphs
with high chromatic number and large
girth (the length of the shortest cycle).
Erdés famously proved that for any
integers k and g, there exists a graph
with chromatic number greater than k
and girth greater than g - a result that
seemed almost paradoxical at the time.
The proof uses random graphs combined
with the alteration method to remove
short cycles.

Other fundamental results include the
existence of expander graphs, which
are sparse yet highly connected, and the
existence of Ramsey graphs that avoid
certain substructures. The method also
provides lower bounds for Turan
numbers and hypergraph problems.

Number Theory

While less obvious, the probabilistic
method appears in number theory. One
classic example is the existence of large
sets of integers with no three-term
arithmetic progression, originally studied
by van der Waerden and later by Erdds
and Turan. Through random
constructions, one can show that there
exist subsets of {1, 2, ..., N} of size
roughly N / (log N)”~(1/2) with no three-
term progression - a result that matches
the best known lower bounds from
deterministic constructions.



Theoretical
Computer
Science

The probabilistic method is deeply
intertwined with the study of randomized
algorithms. It is used to prove the
existence of good hash functions,
error-correcting codes, and network
designs. In complexity theory, the
method helps establish lower bounds for
circuit complexity and communication
complexity. The Lovdsz Local Lemma
has found algorithmic counterparts (the
algorithmic LLL) that allow efficient
construction of objects that only the
probabilistic method promised existed.

Combinatorial
Geometry and
Discrete
Mathematics

Problems about placing points in space,
covering sets, or packing objects often
yield to probabilistic arguments. For
instance, the Epsilon-net theorem in
computational geometry uses random
sampling to prove the existence of small
subsets that hit all large ranges. The
method also appears in the study of
hypergraph discrepancy, where one
tries to color elements so that each
hyperedge contains roughly equal
numbers of red and blue elements -
here, random coloring often achieves
near-optimal discrepancy.

ILLUSTRATIVE EXAMPLE:
FINDING A LARGE INDEPENDENT
SET

To make these ideas concrete, consider
a simple problem: given a graph G with
n vertices and maximum degree A,
prove that G contains an independent
set of size at least n / (A+1). This is a
classic result that can be proved using
the probabilistic method. Choose a
random set S by including each vertex
independently with probability p (to be
optimized later). Let X = |S| be the size
of S, and let Y be the number of edges
inside S. The expected number of
vertices is np, and the expected number
of edges is at most nA p~2 / 2 (since
each edge is present with probability
p~2). Now remove one endpoint from
each edge in S to obtain an independent
set. The expected number of vertices
removed is at most E[Y], so the expected
size of the final independent set is at
least np - nA p~2 /2. Choosing p = 1/A
(to maximize this expression) yields an
expected size of n/(2A) - but wait, we
can do better by a different argument. In
fact, the greedy algorithm gives n/(A+1),
but the probabilistic method with a
cleverer choice (p = 1/(A+1)) and using
linearity of expectation yields exactly
that bound. This demonstrates how
probability can provide both existence
and a constructive algorithm via
conditional expectations.

ADVANTAGES AND LIMITATIONS

The probabilistic method offers several
key advantages over constructive
approaches:

e Simplicity: Many existence proofs
become short and elegant where
constructive proofs would be long
and messy.
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e Strength: The method often
yields the best known asymptotic
bounds for many extremal
problems.

* Flexibility: It can be combined
with other techniques, such as the
polynomial method or algebraic
arguments.

However, it has limitations. The most
obvious is its non-constructive nature: a
probabilistic proof does not tell you how
to find the desired object efficiently. In
computer science, this is a significant
drawback, though the rise of algorithmic
versions of the method (e.g., the
algorithmic LLL) have mitigated this.
Additionally, the method works best
when the underlying probability space is
simple and the events are not too
dependent; highly constrained problems
may resist probabilistic treatment.

CONCLUSION: WHY THE
PROBABILISTIC METHOD
MATTERS

The probabilistic method is more than a
technique; it is a paradigm shift in how
mathematicians think about existence. It

teaches us that randomness is not just a
source of uncertainty but a constructive
force that can guarantee the existence
of highly structured objects. From
establishing lower bounds in Ramsey
theory to designing efficient networks
and codes, its impact spans pure
mathematics, applied mathematics, and
computer science.

Today, researchers continue to refine
probabilistic arguments, extend them to
new areas such as additive
combinatorics and machine learning
theory, and develop algorithmic
counterparts that turn existence proofs
into actual constructions. As Paul Erdds
famously said, “The probabilistic method
is a way to prove that there exists an
object with a certain property without
constructing it explicitly. The method is
based on the observation that if the
probability that an object has the
property is positive, then such an object
must exist.” This simple observation has
unlocked a universe of mathematical
truth, and it remains as vibrant and
essential now as it was seventy years
ago.



